Abstract. We study the kernel of the evaluated Burau representation through the braid element σ 1 σ 2 σ 1 . This element is significant as a part of the standard braid relation. We establish the form of this element's image raised to the k th power. Interestingly, the cyclotomic polynomials arise and can be used to define the expression. The main result of this paper is that the Burau representation of the braid group of n strands for n > 2 is unfaithful at any τ th primitive root of unity, such that τ is greater than 3.
1. Introduction 1.1. Mapping Class Groups. By the hyper-elliptic involution, the disk of 3 marked points, D 3 , is the quotient of the closed orientable surface of genus one with one boundary, χ 1 's mapping class group). The mapping class group of D n is isomorphic to the braid group of n strands [3] . Artin's braid relations, defined on the braid group, are similar to relations defined on the Dehn twists. The map ψ transfers the braid relation and the disjointness relation from MOD(χ 1 g ) to the braid group of 2g + 1 marked points [2] . Pictorially, these maps are presented in figure 1.
1.2. The Braid Group. Let B n denote the braid group of n strands. Let σ 1 , ..., σ n−1 denote the standard generators of B n and σ −1 1 , . . . , σ −1 n−1 denote their inverses 2a. The Artin representation of the braid group of n-strands is defined [1] :
If left and right directions of 2b are conceptualized as backward and forward motion in time, respectively, then the strands are tracing the motion of the marked points in the disk through time. The homeomorphism of D 3 presented in figure 2b can be expressed as the combination of four generators, σ
2 . Note these braid generators are written using standard functional composition notation (i.e. σ 1 is applied second). 
Algebraic Structure under the Burau Representation
As seen the braid group is a quantity of interest in group geometric theory. The Burau representation maps the braid group of n strands to GL n Z[t, t −1 ] . This maps is shown at the bottom of figure 1. In this work, we study properties of mapping class groups via the general linear group. Let us define the Burau representation.
Definition 2.1. Let I k denote the k × k identity matrix. The Burau representation of the braid group is the map:
The algebraic structure created by the image of σ 1 σ 2 σ 1 under the Burau representation, seen in equation 2.1, provides insight into the kernel of the evaluated Burau representation. The element σ 1 σ 2 σ 1 is selected for study because of its novelty in Artin's presentation of the braid group. However, other than exposing the element, the braid relation itself is not used in this work.
Immediately, there is nothing notable about this image. Regardless, as we shall show, the cyclotomic polynomials are exposed in ζ k for even k. ζ k , has two different forms, one for odd k and one for even k. The algebraic structure that arises in the even powers is enough to prove that the Burau representation is unfaithful when evaluated at any τ th primitive root of unity, such that τ > 3. Using proof by induction, we establish the form for even k.
Lemma 2.1. If k ∈ N such that k is even, then the image of (σ 1 σ 2 σ 1 ) k in B 3 , under the Burau representation is: 
, ∀m ≡ 0 mod 3
Proof. Assume k ∈ N such that k is even and consider the base case where k = 2, then:
Assuming the induction hypothesis, we examine the form of ζ k+2 .
Consider element [1, 1] of the matrix ζ k , since k is even then 
Using the definition of a m , from equation 2.3.
We see that the conjectured form of ζ k+2 's [1,1] matrix element holds. Similar arguments can be used to prove each of the other 8 elements of the even form.
The Burau Representation's Kernel
Now that the general form of ζ k is established or even k. We set a constraint on the system, ζ k = I, to explore what roots yield the identity matrix. Given this constraint, it will be shown that any τ th primitive root of unity, such that τ > 3 is the solution to ζ k = I for some even k. Furthermore, in corollary 3.1, we determine the minimum k such that the τ th root of unity is a solution to ζ k = I.
then for any given τ ∈ N, such that τ > 3, there exists k ∈ Z such that ζ k = I 3 .
Proof. Let k be even, first consider the off-diagonal terms. since then = 0. After redistributing terms we see that as long as t is not evaluated at the roots of φ 3 then:
We shall use equation 3.1 to show that ζ k = I. Consider the diagonal elements of the even form. Since k is even then 
